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Abstract: Let Fy be the finite field with g elements, p, g be two odd primes with gcd(2p, q) = 1, multiplicative order of q
modulo 2p™ is p4(0<d<m—1), m > 1 be an integer. In this paper, we obtain weight distribution of all the
minimal(irreducible) cyclic codesof length 2p™ over F4 by using their generating polynomials.
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1. Introduction

Let F, be the finite field with g elements, n be a positive
integer with gcd(n, q¢) = 1. A cyclic code C of length n over
F, is a linear subspace of F;* with the property that if
(ag,aq, ...,an_1) € C, then every cyclic shift
(ap_1,0g, - ,An_3) iSINC. Let R, = <§ffﬂ>.Then F =R,
under the isomorphism(ag, ay, ... ,@y_1) = ag + ayx + -+ +
a,_,x""1. Therefore, we can regard a cyclic code C as an
ideal in R,, .A minimal ideal in R,, is called an minimal cyclic
code of length n over F,. If C is a minimal cyclic code of
length n over F, and v € C, then the weight of v is defined to
be the number of non-zero coordinates in v. We denote it by
wt(v). If A%, denotes the number of codewords of weight w
in G, then Af)”), Ai"), ,A;") is called weight distribution of
C. Ding [4] determined the weight distribution of g — ary

minimal cyclic codes of length n provided 2 < th_l <4,
t = 0,(q) = multiplicative order of ¢ modulo n. Sharma et
al. [1-3] computed the weight distribution of all minimal
cyclic codes of length 2™ and p™ over F,. Kumar et al. [17-
18] computed the weight distribution of some minimal cyclic
codes of length p™ and 2p™ by using different technique.

In this paper, we determine the weight distribution of all
minimal cyclic codes of length 2p™ over F,, where
gcd(2p,q) =1 and m = 1 is an integer under condition The
multiplicative order of g modulo 2p™ is p%(0 <d <m —
1).In Sections(1-3)introduction and elementary definitions
and theorems are given. In Section 4. (Theorem 4.1) the

weight distribution of Miz”r)(l <r <m) is discussed. In
Section 5, the weight distribution of minimal cyclic code of
length 50 is obtained.
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2. Cyclotomic Cosets Modulo 2p™

LetS = {0,1,2,... ,2p™ —1}.For a,b € S, say that a~b if
a = bg‘(mod 2p™) for some integer i > 0. This defines an
equivalence relation on the set S. The equivalence classes due
to this relation are called q —cyclotomic cosets modulo 2p™.
The g — cyclotomic coset containing s € S is denoted by
Cs = {s,5q,5q%, ...,sq'™1}, where t, is the least positive
integer such that sq®s = s (mod 2p™) and |C, | denotes the
cardinality of (. In this section, we describe the
q —cyclotomic cosets modulo 2p™, where pand g are

distinct odd primes and 0(q);p,m = "’(ZT”m),d is a positive
integer and ¢ is Euler’s phi-function.

2.1. Theorem If p and q are odd primes such that 0(q),,m =
e(2p™)/d, d is a positive integer, then 2(md + 1) g-
cyclotomic cosets (mod 2p™) are given by

(i) Co={0},
(i) Cpm={p™}.
For 0 <j <m-1,0 <k <d-1,
. . . - o(z™)
(iii) Cye,r ={9"p’, 9*P'q, g*P'q* .. g"P/q” @ 1},
(iv) Coghpi =
o(2p™))

29"p, 2g*v’q, 29"07q% .. 29" p'q @ '},
where g is primitive root modulo 2p™.

3. Weight Distribution of Minimal Cyclic Codes
of Length 2p™

Definition 3.1. Let a be the primitive 2p™th root of unity in
some extension of F,. Then corresponding to the q —
cyclotomic coset Cj,

MP (x) = [Tjec,(x — a),
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is called minimal polynomial of a® over F, .

Definition 3.2. Let M**" be the minimal cyclic code of
length 2p™ over F,. It is well known that Mgzl”") is the ideal
x2P" 1
M ()

the generating polynomial of M§2pm),

in Ry,m generated by g(x) = Then g(x) is called

Remark 3.3. If (g, C;,,...,Cs, are all the distinct q —

cyclotomic cosets modulo 2p™, then
m m m

Mgp ),Mgp ),...,Mgi” ) are precisely all the distinct

minimal cyclic codes of length 2p™ over F,.

Theorem 3.4. Let F; be the finite field with g elements, p, q
be two odd primes with gcd(p,q) = 1 and m =1 be an
integer. Let the multiplicative order of g modulo 2p™ is

@(2p™). Then

; @p™) 2™ jr2p™ (2p™)

() The codes M, ,Mpm ,Mgkpj and Mzgkpf’
0<j<m-1,0<k<d-1, are precisely all the
distinct minimal cyclic codes of length 2p™ over F,,
where ¢ denote the Euler’s Phi function.

(i)  All the nonzero codewords in Mgz” ) and ijﬁ ) have
weight 2p™.

@2p™) (2p™ . 2p™)
(iii) The codes I\‘/Hgkp,- and Mzgkpf are equivalent to ij

and M%’im) respectively, therefore they have same
weight distribution.

Theorem 3.5. (i) Let 1 <j < m. The minimal cyclic code
m
M;ZP ) is the repetition code of the minimal cyclic code

m-=j

MEZPJ) of length 2p’ correspon_ding to the g — cyclotomic
coset containing 1, repeated p™~/ times.

(ii) Let w = 0, then

0, if p/does not divide w;

A(me) = m—j . .
A:Vp, , ifw=2p/w,0<w < 2pmMm)),

w

where Afj’m and Ai’?m_J denote the weight distribution of

m m-—j .
M;Zj” > and MPP™ ) respectively.

4. Weight Distribution of M%P”(1 < r < m)
Case (i) The multiplicative order of g modulo
2pmispl(0<d<m-1).

Lemma 4.1. Let 0(q),p, =t and t = @, where k is any

integer. If g =1 (mod 2p) and 2p?such that p does not
divide ¢ — 1, then 0(q),,m = tp™~* forall m > 1.

Proof. As g = 1 (mod 2p), 2p?and p does not divide g — 1
gives gt =1+ 2pA, where 2p does not divide A. Then for

any integer i, q'?" = 1 + 2p'*12;, where 2p does not divide
A Let 0(q)zpm = hm, then for i=m—1,¢*"" =1+
2p™A,,_, implies g™ = 1(mod 2p™). Thus h,, divides
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tp™ 1. Also g"m = 1(mod 2p™) yields that
1(mod 2p), which gives t divides h,,. Therefore, let
hy = tp*for some d, 0 <d <m—1. As o(q)zm = hy
implies g"m = 1(mod 2p™) i.e. q** = 1(mod 2p™). But
qt?" =1+ 2p®**2, which gives that p®*! = 0(mod p™)
impliesm < d + 1. Thus d = m — 1. Hence, h,,, = tp™ L.

q'm =

Lemma 4.2. Let multiplicative order of g modulo 2p™ is
p%(0<d <m-—1). Then
ifr<m-—d;

1)
0(q)2pr = { r=(m-d) ifr >m-—d.

p
Proof.  Let 0(q)yym-a = t, then by Lemma 4.1, we
get 0(q)zpm = tp?. But 0(q),,m = p®. This gives, ¢t = 1.
Now if r < m — d, then 0(q),,r = 1.

If r >m —d, then by using Lemma 4.1, we get 0(q),pr =
pr—(m—d)_

Lemma 4.3. If r > m — d ando(q)z,r = p"~™ ¥, then

(m-d)_ .
2p 1 ﬁ]‘f’l (ei+]-pr—(m—d) +

o,
l-+jpr—(m—d)+pr) ,(1<i < pr_(m_d),

constitute a basis of Mf”r) over F,, where f is primitive
2p"~(m=Dth root of unity in F,.

e

Proof. By Lemma 4.2, 0(q),,r =p" ™ @ if r >m—d.

Then g — cyclotomic coset modulo 2p™ containing 1 is
pr—(m—d)—l

¢, =11, q q% .. ,q ) 1.
By Definition 3.1,M;7 (x) = [l ec,(x — a’). We observe

pr—(m—d)
are all the roots of the

T e F Let
= B, then S is primitive 2p™ %th root of unity
which gives f2*™ " = 1and g% # 1 for s < 2p™~<. But by
Lemma 4.14, multiplicative order of ¢ modulo 2p™ 4is 1.
So, q=1(mod2p™ ?).Thus B9 =B € F,.Therefore,

r—(m-d) _ apr—(m—d)

2
that «,a%,a?, .. ,af

—(m—d —(m—d .
xPY ™D \We claim that aP
a_pr—(m—d)

minimal polynomial of « is x? over F, By

Definition 3.2, generating polynomial of prr) is

szr—l r—(m-d)
gx) = D) (ﬁ + BZx?P +
‘33x2pr_(m_d) + . 4+

x(p(m—d)_l)pr—(m—d)) (xpr +

1).
As Mf”r) is a vector subspace of R,,r and spanned by

g(x), xg(x), ...,x”r—(m—d)g(x). Since Ry,r = Fq2prunder the

standard isomorphism, then x‘~'g(x) corresponds to
(m-d)_ .
2 1 .
ZjZO ,8]+1 (ei+]-pr—(m—d) + ei+jpr—(m—d)+pr) , 1<i<

p"~(m=D 'which completes the proof.

Theorem 4.4. Let multiplicative order of g modulo 2p™ is
pt(0<d<m-1).
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(i) If r <m —d, then weight of each non-zero codeword in

M is 2p7.
(i) r>m—d, the weight distribution A", w >0 of
MP"is given by
A‘(ﬁpr) _

0, if 2p™M~%does not divide w;
() @-1", ifw = 2pMm w0 < w' < prmo,

Proof. (i) If r <m —d, by Lemma 4.2, 0(q),,r = 1. Let a
be a primitive root of unity in some extension of F,.Then
a?’" =1 and g = 1(mod 2p"). This implies ¢ — 1 = A2p",
where 1 be any scalar. Therefore, 1= a??'* = q97? je.

a € F;. The minimal polynomial of a over F; is x — a. Thus

2p” _
X 1 T_
— aZp 1

generating polynomial of Mgzl’” is —

a?P " 2x 4 q2P 32 4 o q?PT 2 4y 2071
Consequently, every non-zero codeword of M(Zpr) is a scalar
multiple of 2" =1 + a2P"~2x 4 2P 3x2 4 ... 4 qx2P" 2 4
x2P"~1_ This gives that the only possible nonzero weight in
M s 2pT

(i) 1f r>m—d, by Lemma 4.3, then basis of M is

Zp(m_d)—l i1
Zj=0 BJ+ eH_]-pr—(m—d) + ei+jpr—(m—d)+pr , 1<
i <prmim-d),
T
Letc e Mgzp ),
_ pr—(m—d) Zp(m_d)—l i1
then c=Xi Yito B\ ey jpr-m-a) +

ei+jpr_(m_d)+pr)’ a; € F,. It is easy to see that wt(c) =
2p™ 4w, where w'is the number of nonzero a;’s. But total
number of a;’s is p"~(™~% so we can choose w' non-zero

, . [pr—(m=d)
a;’s in ( W ) ways.
Consequently,

A(Zpr) —
@2r) —
0, if 2p(™~9 does not divide w;
r—(m-d) ' , ,
(p o )(q -7, ifw=2pMm Dy 0w <p-m-D,
5. Example.

Example 5.1. Let p =5, g =11 and o(11),5m = 5¢, for
some integer d.

As,0(11),cm = 5m-1,

Therefore, d = m — 1.Let r be a positive integer.

By Theorem 4.4, if r = 1, then the weight of each non-zero
codeword in MS"’ is 10.

If r = 2, the weight distribution of M(SO) is given below :

A(SO) A(SO) A(SO) A(SO) A(SO) A(SO) A(750) —
A(SO) A(SO) A(SO) A(SO) A(SO) A(SO) A§550) —
A(so) A(so) A(SO) A(SO)
A(so) A(so) A(so) A(so) A(SO) A(SO) A(SO)
(50) _ 4(50) _
=4z = Ay =

© 2023, 1JCSE All Rights Reserved
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(50) _ ,(50) _ .(50) _ ,(50) _ A(50) _ ,(50) _ ,(50)
Az " = Az, = Agg (— )‘434 (— )‘435 = Az, = Ay
50 50
(50) (50) (21?38 (213139 (= ) (50) (50)
50 50 50 50 50 50 50
Ay = A=A =Ay =Ay = A = Ay
=A%) =43 =0,

AP? = 0,45 = ( )(11 —1) = 50,45
= (2) (11 - 1)% = 1000,

> 5
A = (3) (11 - 1) = 10000,45” = (4) (11— 1)*
= 50000
5
Ay = (5> (11 - 1)° = 100000.
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